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Abstract
A deformation of the N = 2 topological string partition function is analyzed by
considering higher dimensional F-terms of the type W 2gΥn, where W is the chiral
Weyl superfield and each Υ factor stands for the chiral projection of a real function
of N = 2 vector multiplets. These terms generate physical amplitudes involving
two anti-self-dual Riemann tensors, 2g − 2 anti-self-dual graviphoton field strengths
and 2n self-dual field strengths from the matter vector multiplets. Their coefficients
Fg,n generalizing the genus g partition function Fg,0 of the topological twisted type
II theory, can be used to define a generating functional by introducing deformation
parameters besides the string coupling. Choosing all matter field strengths to be
that of the dual heterotic dilaton supermultiplet, one obtains two parameters that
we argue should correspond to the deformation parameters of the Nekrasov partition
function in the field theory limit, around the conifold singularity. Its perturbative
part can be obtained from the one loop analysis on the heterotic side. This has
been computed in [1] and in the field theory limit shown to be given by the radius
deformation of c = 1 CFT coupled to two-dimensional gravity. Quite remarkably
this result reproduces the gauge theory answer up to a phase difference that may be
attributed to the regularization procedure. The type II results are expected to be
exact and should also capture the part that is non-perturbative in heterotic dilaton.
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1 Introduction
N = 2 supersymmetric theories provide an interesting arena for studying non perturbative
dynamics of field and string theories (in the absence or presence of gravity), exhibiting a
remarkable web of dualities among very different systems. It was initiated with the com-
putation of the prepotential that describes the exact two derivative effective action in the
Coulomb phase ofN = 2 super Yang Mills theory [2]. This result was subsequently general-
ized in the presence of gravity [3], using string duality between heterotic compactifications
on K3×T 2, that describe the perturbative expansion around an enhanced symmetric point
of the gauge symmetry, and type II on a Calabi-Yau threefold which is an appropriate K3
fibration, that provides the exact answer around the conifold singularity where massless
charged hypermultiplets appear as non perturbative states [4]. The field theory limit cor-
responds to the double scaling where the string length and the distance from the conifold
point go to zero, keeping fixed the dynamical Yang Mills scale.
On the other hand, it was known that the prepotential is the first of a series ofN = 2 F-
terms of the type FgW
2g whereW is the chiral Weyl superfield, containing the graviphoton
anti-self-dual field strength as the lowest component, and Fg are analytic functions of the
vector moduli [5, 6]; they are computed by the genus g partition function of the twisted
Calabi-Yau sigma model and have a non analytic part due to a holomorphic anomaly
that satisfies an equation which provides interesting recursion relations. Moreover, their
behavior near the conifold singularity is governed by c = 1 string theory at the self-dual
radius [7, 8]. This was explicitly checked on the heterotic side, where Fg’s start receiving
contributions already at one loop [9]. It was indeed shown that near the enhanced symmetry
point the leading singularity of Fg (for g > 1) is a universal pole of order 2g − 2 with a
coefficient given by the Euler number of the genus-g Riemann surface.
Another important result was the explicit computation of the N = 2 gauge theory
partition function [10] by performing the sum over all instanton contributions. This was
achieved by calculating the instanton partition function as a function of two complex
parameters ǫ1,2 that regulate the integral over the instanton moduli space, and interpreting
it as a six-dimensional theory in the so-called Ω supergravity background [11, 12]. It was
then shown that upon extracting a divergent volume factor 1/ǫ1ǫ2, one can reproduce the
Seiberg-Witten prepotential in the limit ǫ1,2 → 0. Moreover, it was argued that all higher
Fg’s can be reproduced in the field theory limit, by identifying ǫ1 = −ǫ2 with the topological
string coupling.
The perturbative part of the gauge theory for ǫ+ ≡ (ǫ1 + ǫ2)/2 = 0 was exactly the
same as the leading terms near the SU(2) enhancement in the one loop heterotic result for
the generating function
∑
g ǫ
2g
− Fg [9]. In fact the latter was just given by the Schwinger like
formula for a one loop diagram for states that become massive in the Coulomb branch of
N = 2 SU(2) gauge theory, coupled to a constant anti-self dual background field strength.
In the Gopakumar-Vafa reformulation [13, 14] of the topological partition function the
generating function of the A-model Fg is reproduced by integrating all the massive BPS
states which are the D-brane states wrapping on 2-cycles of the Calabi-Yau space in the
background of a constant anti-self dual graviphoton field strength; the contribution of
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each of these states being given by the Schwinger formula. Due to anti-self duality, the
graviphoton field strength couples to the spin of the D-brane states in one of the SU(2)
in the SO(4) Lorentz group. Using the technique of the topological vertex for toric non-
compact Calabi-Yau spaces that can be used to geometrically engineer gauge theories, it
was shown in [15] that Fg captures also the non-perturbative part of the gauge theory for
ǫ1 = −ǫ2 where the combination ǫ1 − ǫ2 has the interpretation of the background of the
anti-self dual graviphoton field strength. This suggests that ǫ’s are not just regularization
parameters and opens the question what is the string theory interpretation of the second
parameter ǫ+.
In [16], a generalization of the Gopakumar-Vafa formula was proposed which includes
coupling to spins of both SU(2) of the D-brane states. The couplings correspond to back-
grounds involving both self-dual and anti-self dual gauge field strengths. Using the formu-
lation of a refined topological vertex for non compact toric Calabi-Yau spaces it was shown
that this generalized formula reproduces the non-perturbative part of the gauge theory
result for arbitrary ǫ− and ǫ+. This raises the question what string theory amplitude gives
rise to this generalized Gopakumar-Vafa formula and which string effective action term it
computes.
In this work, we address the above question by studying possible deformations of the
topological string and we make a proposal based on some plausible arguments. Indeed,
the Ω-background for the six-dimensional metric corresponds to constant field strengths
for some Kaluza-Klein gauge fields that include the N = 2 graviphoton, as well as another
direction, such that part of the supersymmetry is preserved. This leads us to consider
N = 2 higher dimensional F-terms that generalize the series FgW 2g and involve only
vector multiplets. By analogy with a similar study which has been performed in the past for
N = 1 amplitudes [17], we consider a ‘dressing’ of W 2g with chiral projections of functions
of vector multiplets that we call generically Υ: W 2gΥn. These terms generate, in particular,
amplitudes of the form Fg,n(R
−)2(T−)2g−2(F+)2n, where R denotes the Riemann tensor,
T the graviphoton, F the remaining matter gauge field strengths, while the superscripts
− and + denote their anti-self-dual and self-dual projections, respectively. We have here
suppressed the anti-holomorphic vector moduli indices both in the matter field strengths F
as well as in the coefficient Fg,n which depend on both holomorphic and anti-holomorphic
vector moduli.1 On the type II side, these amplitudes are topological, given essentially by
the square of the left-moving (supersymmetric) part of the corresponding heterotic higher
dimensional terms [17].
Motivated again by the Ω-background, we are led to consider the case where all matter
gauge field strengths are those of the heterotic dilaton vector supermultiplet, arising from
compactification of the N = 1 six-dimensional theory on T 2. Such amplitudes have been
considered before in [1] and were studied on the heterotic side. Their behavior near the
enhanced symmetric point was found to be determined by the radius deformation of the
1The dependence of Fg,n on the anti-holomorphic vector moduli is controlled by certain differential
equations that arise from their origin in the F-term [17]. We leave a discussion of these classical equations
as well as the possible anomalies at the string level for future.
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c = 1 string theory. Here, we compare their expression with the perturbative limit of
the Nekrasov partition function and we find a remarkable agreement up to a phase factor
that could be attributed to a difference in the field theory regularization. More precisely,
the string theory amplitudes in the heterotic perturbative limit are invariant under parity
which changes the sign of one of the two ǫ1 or ǫ2 but leaves the other invariant. On
the other hand, the field theory result breaks the symmetry due to the additional phase,
although the corresponding action is invariant [18], up to the θ-term which is relevant only
for non-perturbative contributions.
The plan of this paper is the following. In Section 2, we define the new amplitudes
and describe the effective Lagrangian. Then, we compute the corresponding amplitudes
in string theory on the type II side (Section 3) and review the corresponding heterotic
computation of [1] in Section 4. In type II theory, they are topological and are expected
to be exact at genus g, while on the heterotic side they start receiving contributions at one
loop. Finally, we take the field theory limit near the enhanced symmetric point and compare
the resulting expression with the perturbative part of Nekrasov’s partition function.
2 Higher Derivative Couplings in the String Effective
Action
In this section we discuss a class of amplitudes in N = 2 compactifications of string theory,
which we will compare to the Nekrasov-partition function as discussed in [10, 11, 12, 18].
In [5] a particular class of higher derivative chiral F-terms
Ig =
∫
d4x
∫
d4θFg(X)W
2g , (2.1)
in the effective N = 2 Poincare´ supergravity action has been considered. Here W is the
Weyl superfield which has Weyl weight w = 1. It has the following expansion (we only
display the bosonic components)
W ijµν = ǫ
ijT−µν − R
−
µνλρ(θ
iσλρθj) + . . . , (2.2)
where T−µν is the anti-self-dual graviphoton field strength and R
−
µνλρ is the anti-self-dual
Riemann tensor. In this respect µ, ν denote four-dimensional Lorentz indices, while i, j ∈
SU(2)R are indices of the N = 2 R-symmetry group.
Furthermore, Fg is an analytic homogeneous function of degree (2−2g) of the “reduced”
N = 2 chiral superfields XI
XI = φI +
1
2
F−Iλρ ǫij(θ
iσλρθj) + . . . , (2.3)
which have Weyl weight w = 1 and chiral weight c = −1. The field X0 acts as a compen-
sator and the unconstrained physical scalars (the moduli) are parameterized by φˆI = φI/φ0
3
for I = 1, . . . , h. F−Iλρ are the corresponding anti-self-dual gauge field strengths. Notice in
particular that the superfields
XˆI =
XI
X0
, (2.4)
(as well as arbitrary functions thereof) have vanishing Weyl and conformal weight. The
functions Fg have been shown to be computed by the partition function of the N = 2
topological string. Furthermore, in the field theory limit i.e. decoupling the gravitational
sector apart from their backgrounds, the generating function F (λ) =
∑
g λ
2gFg is related
to the N = 2 gauge theory partition function in the presence of anti-self-dual graviphoton
field strength (ǫ1 = −ǫ2 in the notation of [10, 18]).
In this note we will consider a slight generalization of (2.1). To this end, we introduce
the superconformal chiral projection operator (see e.g. [19])
Π = (ǫijD¯
iσ¯µνD¯
j)2 , with Π(XI) = 0 and Π(XI)† = 96✷XI . (2.5)
From this relation we can read off that Π has Weyl weight w = 2 and conformal weight
c = −2. Therefore, for an arbitrary function G(XˆI , (XˆI)†) the superfield
Υ = Π
G(XˆI , (XˆI)†)
(X0)2
, (2.6)
will have vanishing Weyl and conformal weights. Notice in particular that the first term
in the expansion of Υ will be given by
Υ =
∂2G(φˆ, φˆ†)
∂(φˆI)†∂(φˆJ)†
(F+IF+J) + . . . . (2.7)
We can therefore generalize (2.1) in the following way
Ig,n =
∫
d4x
∫
d4θ W 2gΥn ∼
∫
d4xFg,n(φˆ,
ˆ¯φ)(R−)2(T−)2g−2(F+)2n + . . . . (2.8)
Here we have suppressed the 2n anti-holomorphic vector indices in Fg,n that contract the
corresponding indices on the 2n matter gauge fields and the dots denote further terms,
which will play no role in this note. The anti-holomorphic moduli dependence in Fg,n
comes from Υ as shown in (2.7).
We would like to point out that terms involving both anti-self-dual and self-dual
graviphoton field strengths cannot be written as a chiral F-term. This is because the
self-dual graviphoton field strength is the lowest component of the anti-chiral Weyl multi-
plet. Thus n chiral projectors acting on functions of anti-chiral Weyl superfields will pick
out 2n self dual Riemann tensors.
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3 The Amplitude in Type II String Theory
We will now try to recover the higher derivative terms (2.8) in string theory, starting with
type II compactified on an arbitrary Calabi-Yau manifold. The couplings (2.1) have been
recovered as g-loop amplitudes in [5]. Since (by construction) the superfields Υ which we
have added in (2.8) have no Weyl weight, we are led to conclude that also Fg,n corresponds
to a g-loop amplitude in the type II theory. We will now try to explicitly verify this
conjecture.
General expressions for the vertex operators which are needed to compute the amplitude
corresponding to the component term that we have explicitly displayed in (2.8) can for
example be found in [5]. Taking into account that the gauge fields are self-dual in (2.8),
while the Riemann tensors and graviphotons are anti-self-dual, we are led to specifically
consider the following amplitude
Fg,n = 〈V(R)(p1)V(R)(p¯1)
g−1∏
i=1
V
(−1/2)
(T ) (p¯
i
1)V
(−1/2)
(T ) (p¯
i
1)
n∏
j=1
V
(−1/2)
(F ),Ij
(pj1)V
(−1/2)
(F ),Jj
(p¯j1)〉
type II
g-loop , (3.1)
where we have picked the following helicity and momentum configurations in the various
vertices
gravitons: V(R)(p1) =: (∂Z
2 − ip1χ1χ2)
(
∂¯Z2 − ip1χ˜1χ˜2
)
eip1Z
1
(z1, z¯1) : ,
V(R)(p¯1) =:
(
∂Z¯2 − ip¯1χ¯1χ¯2
) (
∂¯Z¯2 − ip¯1 ¯˜χ1 ¯˜χ2
)
eip¯2Z¯
2
(z2, z¯2) : ,
graviphotons: V
(−1/2)
(T ) (p1) =: p1e
− 1
2
(ϕ+ϕ˜)S1S˜1Σ(x, x¯)e
ip1Z1 : ,
V
(−1/2)
(T ) (p¯1) =: p¯1e
− 1
2
(ϕ+ϕ˜)S2S˜2Σ(y, y¯)e
ip¯1Z¯1 : ,
gauge fields: V
(−1/2)
(F ),I (p1) =: p1e
− 1
2
(ϕ+ϕ˜)S 1˙S˜ 1˙ΣI(u, u¯)e
ip1Z1 : ,
V
(−1/2)
(F ),J (p¯1) =: cc˜p¯1e
− 1
2
(ϕ+ϕ˜)S 2˙S˜ 2˙ΣJ(v, v¯)e
ip¯1Z¯1 : .
Here we have adopted the convention to denote right moving degrees of freedom with
a tilde. We have introduced a complex basis for the space-time (Euclidean) coordinates
(Z1, Z¯1, Z2, Z¯2) as well as their fermionic partners (χ1, χ¯1, χ2, χ¯2). If we bosonize the latter
in terms of φ1,2 we can write for the space-time spin fields
S1 = e
i
2
(φ1+φ2) , and S2 = e
− i
2
(φ1+φ2) , (3.2)
S 1˙ = e
i
2
(φ1−φ2) , and S 2˙ = e−
i
2
(φ1−φ2) . (3.3)
Recall that the self-dual and anti-self-dual tensors transform under the Euclideanized
Lorentz group SO(4) = SU(2)×SU(2) as (3, 1) and (1, 3) representations respectively. For
the gauge field vertices above we have chosen the helicity combination S 1˙S˜ 1˙ and S 2˙S˜ 2˙ which
corresponds to helicity +1 and −1 of the corresponding SU(2). We have distinguished the
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vector indices for these two helicities by the indices Ii and Jj with i, j = 1, . . . , n respec-
tively. Generalization to the helicity 0 would be given by the vertices S(1˙S˜ 2˙) and an analysis
for this case can also be carried out. At the end we will point out the resulting modifica-
tion. Note that when one of the vertices labelled by index I approaches another labelled
by J , they could form a Lorentz invariant combination and could result in a divergence
associated with the reducible graph connecting the gauge kinetic term FI .FJ with the am-
plitude Fg,n−1 via the exchange of a scalar modulus (see Figure 1). We will comment on
this further at the end of this section.
F 2n−2
Fg,n−1T
2g−2
φ FJ
FI
. .
.
. .
.
Figure 1: Schematic drawing of the reducible diagram: The gauge kinetic term FI .FJ is
connected to Fg,n−1 via the exchange of the scalar φ.
Σ is a field in the internal N = 2 sector with U(1)-charges (3/2,−3/2) in the type IIA
theory and (3/2, 3/2) in type IIB. Bosonizing the U(1)-current J of the internal N = 2
SCFT2 by H we can explicitly write
Σ(z, z¯) = e
i
√
3
2 (H(z)∓H˜(z¯)) , (3.4)
where the upper sign corresponds to IIA and the lower to IIB (for further details see
e.g. [5]). The operators ΣI have charge (1/2,−1/2) [(1/2, 1/2)] in type IIA (type IIB)
respectively and are given by
ΣI(z, z¯) = lim
w→z
|w − z|e
√
3i
2
(H(w)∓H˜(w¯))ΨI(z, z¯) , (3.5)
where ΨI are (anti chiral, chiral) (or (anti chiral, anti-chiral)) primary operators in IIA
(IIB). Besides this, observe that we have put c-ghosts together with half of the vertices
of the N = 2 matter vectors. Because of this, the corresponding positions will not be
2The full SCFT will be spanned by the energy momentum tensor T , two spin-3/2 supercurrents G±
and the U(1)-current J .
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integrated over the world-sheet, but instead we will have n additional Beltrami-differentials
µ corresponding to the punctures.
Finally, the graviton vertices are written in the (0)-ghost picture while all remaining
vertices are in the (−1/2)-picture which necessitates the insertion of (g − 1 + n) picture
changing operators (PCO). Taking into account that we need to insert further (2g − 2)
PCO which arise after integrating out the superghosts, the total number of PCO will be
3g − 3 + n and they will be inserted at world-sheet positions ra=1,...,3g−3+n.
After these preliminaries we will now extract the piece of the correlator which is pro-
portional to p21p¯
2
1
∏g−1
i=1 p¯
i
1p¯
i
1
∏n
j=1 p
j
1p¯
j
1. We are thus led to consider
Fg,n = 〈
∣∣∣∣
3g−3+n∏
k=1
(µkb)e
i(φ1+φ2)(z1)e
−i(φ1+φ2)(z2)
g−1∏
i=1
e−
ϕ
2 S1e
i
√
3
2
H(xi)
g−1∏
j=1
e−
ϕ
2 S2e
i
√
3
2
H(yi)
∣∣∣∣
2
·
·
n∏
k=1
∣∣∣∣e−ϕ2 S 1˙
∣∣∣∣
2
ΣIk(uk)
n∏
l=1
∣∣∣∣ce−ϕ2 S 2˙
∣∣∣∣
2
ΣJl(vl)
∣∣∣∣
3g−3+n∏
a=1
eϕTF (ra)
∣∣∣∣
2
〉 , (3.6)
where the absolute square takes into account the contribution of the right-moving side and
there are implicit world-sheet integrals over z1,2, x, y, u. Comparing this expression to [17]
we can see that the left moving piece is identical to the supersymmetric contribution of
a similar class of N = 1 heterotic topological amplitudes. Since left and right movers in
(3.6) are essentially identical, we can immediately state the complete result
Fg,n =
∫
M(g,n)
〈
3g−3+n∏
k=1
|(µk ·G
−)|2
n∏
k=1
∫
ΨIk
n∏
l=1
ΨˆJl〉top . (3.7)
Here again the absolute square takes care of the corresponding right-moving operators and
ΨˆJ =
∮
dzρ(z)
∮
dz¯ρ˜(z¯)ΨJ with ρ denoting the unique left moving operator with charge +3
and dimension 0 in the twisted internal theory and ρ˜ denoting the right-moving operator
with charge (−3) for IIA and (+3) for IIB. While the operators ΨI have charge (−1,+1)
(and (−1,−1)) in IIA (IIB) and dimension (1, 1) with respect to the left and right moving
U(1) and the twisted Virasoro generators, the operators ΨˆJ have charge (+2,−2) (and
(+2,+2)) and dimensions (0, 0) in IIA (IIB). Note that S 1˙S˜ 1˙ΣI of the physical vertex is
replaced by ΨI in the twisted theory while S
2˙S˜ 2˙ΣJ is replaced by ΨˆJ .
3
The short distance singularity mentioned earlier can arise in general when the operator
ΨI approaches ΨˆJ if the kinetic term FI .FJ is non-vanishing. This singularity is of the form
1/|z|2 and is due to the exchange of a modulus that couples to FI .FJ (see Figure 1). These
reducible graphs have to be subtracted in order to compute the effective action terms Fg,n.
However for some special cases one can choose the matter gauge fields in such a way that
there are no such reducible graphs:
3 Had we started with the helicity 0 physical vertex operator S(1˙S˜ 2˙)ΣK then this would have given rise
to the operator (
∮
dzρ(z) +
∮
dz¯ρ˜(z¯))ΨK in the twisted theory.
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1. When the Calabi-Yau space is an orbifold (T 2× T 2× T 2)/G for some orbifold group
G (e.g. G = Z3). Denote by Fi for i = 1, 2, 3 the gauge fields corresponding to the
moduli of the three T 2. The structure constants Cijk are non-zero only if i, j, k are
different from each other. This means that the gauge kinetic term Fi.Fj is non-zero
only if i 6= j. Choosing all the matter gauge fields coming from the same T 2 will
then have no short distance singularities.
2. A more interesting case is when the type II theory is dual to a heterotic (4, 0) com-
pactification. The vector modulus S dual to the heterotic dilaton appears linearly in
the prepotential up to exponentially suppressed terms eiS. Therefore for large ImS
which corresponds to the weak coupling limit in the heterotic theory, the singularities
will disappear.
We should however emphasize that the type II result for Fg,n is expected to be exact.
This can for example be seen from the effective supergravity action (2.8): The type II
dilaton is the lowest component of anN = 2 hypermultiplet. Since in standardN = 2
superspace the latter cannot appear in chiral F-terms in a consistent manner, it fol-
lows that Fg,n is independent of the type II dilaton. Therefore it will only receive
contributions at the g-loop level. Notice that this argument will not go through in the
dual heterotic theory since Fg,n will indeed have a non-trivial S-dependence. There-
fore the dual heterotic amplitudes will receive also non-perturbative contributions.
However, in order to extract these from the exact type II result one would have to
subtract the reducible terms that go like powers of eiS.
Notice that (3.7) is a correlator of the twisted internalN = 2 SCFT. Depending on whether
we consider the A-model or B-model, we have in particular
|(µk ·G
−)|2 = (µk ·G
−)(µ¯k · G˜
+) A-model
|(µk ·G
−)|2 = (µk ·G
−)(µ¯k · G˜
−) B-model
Near the conifold singularity it is believed that the topological string theory is related
to compact c = 1 matter at self-dual radius coupled to two-dimensional gravity. Indeed it
is known that the free energy of the latter reproduces the leading terms of the topological
partition function Fg near the conifold singularity with the parameter which describes the
deformation of the conifold being related to the Legendre transform of the cosmological
constant of the two-dimensional gravity. It is then natural to assume that our generalized
topological quantities Fg,n are related to some deformation of the c = 1 system coupled to
two-dimensional gravity. In the heterotic theory, Fg,n have been computed in [1] when all
the matter gauge fields are taken from the dilaton multiplet (in the dual type II theory
this corresponds to the case (2) discussed above) and it has been shown that near the
singularity corresponding to SU(2) enhancement the leading terms are given by the radius
deformation of the c = 1 system coupled to two-dimensional gravity away from the self-dual
radius. For completeness we will give a brief review of [1] in the following section.
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4 The Amplitude in Heterotic String Theory
We now wish to dualize the results of the previous section to heterotic string theory com-
pactified on K3 × T 2. Applying the same duality mapping as in [9], Fg,n for arbitrary g
and n are expected to start receiving contributions at the one-loop level. Therefore, in the
heterotic weak-coupling regime which we have already considered in the previous section,
the amplitude
Fg,n = 〈V(R)(p1)V(R)(p¯2)
g−1∏
i=1
V(T )(p¯
i
1)V(T )(p¯
i
2)
n∏
j=1
V(F )(p
j
1)V(F )(p¯
j
2)〉
het
1-loop , (4.1)
is expected to be identical to (3.7). The vertex operators for gravitons, graviphotons and
vector partners of the dilaton can for example be found in [9]. Using the same helicity
structure and polarizations as in Section 3 we have explicitly
gravitons: V(R)(p1) =: (∂Z
2 − ip1χ1χ2) ∂¯Z2eip1Z
1
: ,
V(R)(p¯1) =:
(
∂Z¯2 − ip¯1χ¯1χ¯2
)
∂¯Z¯1eip¯1Z¯
1
: ,
graviphotons: V(T )(p1) =: (∂X − ip1χ
1Ψ) ∂¯Z2eip1Z
1
: ,
V(T )(p¯1) =: (∂X − ip¯1χ¯
1Ψ) ∂¯Z¯2eip¯1Z¯
1
: ,
gauge fields: V(F )(p¯1) =: (∂X − ip¯1χ¯
1Ψ) ∂¯Z2eip¯1Z¯
1
: ,
V(F )(p1) =: (∂X − ip1χ
1Ψ) ∂¯Z¯2eip1Z
1
: .
These vertices are written in the (0)-ghost picture using the same complex basis for the
space-time coordinates (Z1, Z¯1, Z2, Z¯2) and their fermionic partners (χ1, χ¯1, χ2, χ¯2) as in
Section 3. The (complex) coordinate on T 2 is called (X, X¯) with its superpartner (Ψ, Ψ¯).
In order to compute (4.1) it suffices to consider the odd spin-structure since the even
one gives essentially the same result. In this case both gravitons need to contribute the
fermion bilinear piece in order to soak up the corresponding zero modes of the space-time
fermions. Due to the presence of a Killing spinor on the world-sheet torus (see [9]), we
pick one of the graviphotons to be inserted in the (−1) picture
V
(−1)
(T ) (p1) = e
−φΨ∂¯Z2eip1Z
1
, (4.2)
which will be accompanied by a picture changing operator. The latter, in order to soak the
Ψ zero-mode needs to contribute eφΨ¯∂X . Since the remaining Ψ cannot be contracted, it
follows that all gauge-field vectors will contribute their ∂X piece, which will just give zero
modes. Therefore, the only remaining non-trivial piece is the correlator of the space-time
bosons. Extracting the appropriate piece proportional to p21p¯
2
1
∏g−1
i=1 p
i
1p¯
i
1
∏n
j=1 p¯
j
1p
j
1 it takes
the form
Cg,n = 〈
g∏
i=1
∫
d2xiZ
1∂¯Z2(xi)
∫
d2yiZ¯
1∂¯Z¯2(yi)
n∏
j=1
∫
d2ujZ¯
1∂¯Z2(uj)
∫
d2vjZ
1∂¯Z¯2(vj)〉 .
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Since this is just a free field correlator, it can be computed by evaluating the generating
functional
G(ǫ−, ǫ+) =
∞∑
g=1
∞∑
n=1
ǫ2g− ǫ
2n
+ Cg,n
(g!n!)2τ 2g+2n2
=
=
∫ ∏2
i=1DZ
iDZ¯ iExp
(
−S + ǫ−
τ2
∫
(Z1∂¯Z2 + Z¯2∂¯Z¯1) + ǫ+
τ2
∫
(Z¯1∂¯Z2 + Z¯2∂¯Z1)
)
∫ ∏2
i=1DZ
iDZ¯ iExp (−S)
, (4.3)
where S is the usual free-field action S =
∑
i=1,2
1
π
∫
d2x(∂Z i∂¯Z¯ i+∂Z¯ i∂¯Z i) and ǫ± are two
arbitrary parameters. Notice that all terms in (4.3) are bilinear in the fields. Thereby the
functional integral is Gaussian and can be evaluated explicitly. This is essentially done in
the same way as in [1, 9] and we can therefore immediately state the result
G(ǫ−, ǫ+) =
2πi(ǫ− + ǫ+)η¯
3
ϑ¯1(ǫ− + ǫ+, τ¯)
·
2πi(ǫ− − ǫ+)η¯3
ϑ¯1(ǫ− − ǫ+, τ¯)
e
− pi
τ2
(ǫ2++ǫ
2
−) . (4.4)
Upon introducing also a generating functional for the amplitudes
F (ǫ−, ǫ+) =
∞∑
g=1
∞∑
n=1
ǫ2g− ǫ
2n
+ Fg,n , (4.5)
we can state the final result
F (ǫ−, ǫ+)=
∫
d2τ
τ2
E¯4E¯6
η¯24
∑
Γ(2,2)
(
2πi(ǫ− + ǫ+)η¯
3
ϑ¯1(ǫ˜− + ǫ˜+, τ¯)
)(
2πi(ǫ− − ǫ+)η¯
3
ϑ¯1(ǫ˜− − ǫ˜+, τ¯)
)
e
− pi
τ2
(ǫ˜2−+ǫ˜
2
+)q
1
2
|PL|2 q¯
1
2
|PR|2
(4.6)
where we have introduced ǫ˜± = ǫ±τ2P
L/
√
(T − T¯ )(U − U¯) with PL and PR the lattice
momenta of the internal Γ(2,2) lattice, while q = e2πiτ . Notice that we have written this
amplitude at a point in moduli space with no Wilson lines in the right moving sector being
switched on. PL is the central charge of the N = 2 algebra and is given by
PL =
1√
(T − T¯ )(U − U¯)
(n1 + n2T¯ U¯ +m1T¯ +m2U¯) , (4.7)
where m1, m2, n1, n2 are integers and T and U are the Ka¨hler and complex structure moduli
of the compactification torus.
Near an SU(2) enhanced symmetric point in moduli space PL → 0 for two lattice
points in Γ(2,2) (n1 = n2 = 0, m1 = −m2 = ±1). In the vicinity of these points the leading
singularity for Fg,n can be easily computed from (4.6) as ǫ
2g
− ǫ
2n
+ term in the expansion of
F ∼
∫
dτ2
τ2
πǫ1
sin(πǫ1τ2)
πǫ2
sin(πǫ2τ2)
e−τ2µ , (4.8)
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where µ =
√
i
π
√
(T − T¯ )(U − U¯)P¯L ∼
√
i
π
(T − U) and ǫ1 = ǫ+ + ǫ− and ǫ2 = ǫ+ − ǫ−
and we have also rescaled τ2µ¯ → τ2. The leading singularity as µ → 0 in the ǫ
2g
− ǫ
2n
+ term
is given by µ2−2g−2n. Note that this is holomorphic in the relevant vector modulus T − U
and it is related to the fact that our vertices for the graviphoton and dilaton field strengths
involve only ∂X in the T 2 direction which contributes PL in the correlation function. This
expression is just the free energy of the c = 1 system coupled to 2-dimensional gravity
with the cosmological constant µ and at radius |ǫ1/ǫ2| in units where the self dual radius
is 1 [7]. Note that for ǫ+ = 0, which reduces to the standard Fg, we have ǫ2 = −ǫ1 giving
rise to the free energy of the c = 1 system at the self-dual radius. Equation (4.8) exhibits
certain symmetries generated by (ǫ1, ǫ2) → (−ǫ1, ǫ2) and (ǫ1, ǫ2) → (ǫ2, ǫ1).4 In particular
this implies that (4.8) is invariant under the exchange of ǫ+ and ǫ− and is even in ǫ1, ǫ2
as well as ǫ+ and ǫ−. The latter is to be expected since ǫ+ and ǫ− couple to self-dual and
anti-self dual field strengths and a Lorentz invariant string effective action must contain
even numbers of self-dual and anti-selfdual tensors.
This expression is very similar to the perturbative part of the free energy of the pure
N = 2 SU(2) Yang-Mills theory in the Ω-background given in (A.7) of [18] with the
identification 2πiǫ1,2 → ǫ1,2. There instead of the sin factors in the denominator of (4.8)
they have the factor
F ∼
∫
dτ2
τ2
πǫ1
sin(πǫ1τ2)
πǫ2
sin(πǫ2τ2)
e−τ2µe−iπ(ǫ1+ǫ2)τ2 (4.9)
This expression has only the symmetry ǫ1 ↔ ǫ2. It is even in ǫ− but not in ǫ+ due to the
extra phase e−iπ(ǫ1+ǫ2)τ2 .
5 Concluding remarks
In this paper we have analyzed theN = 2 F-terms of the typeW 2gΥn whereW is the chiral
Weyl superfield and Υ are chiral projectors of real functions of vector multiplets. These
terms give rise to couplings of the form (R−)2(T−)2g−2(F+)2n with R, T and F being the
Riemann tensor, graviphoton and matter vector field strengths. In the special case where
the vector multiplets only involve the heterotic dilaton S, these amplitudes have been
computed at one loop in heterotic string [1] where it was shown that in the field theory limit
they are given by the radius deformation of c = 1 matter coupled to 2-dimensional gravity.
This result is perturbative in the heterotic dilaton and should receive non-perturbative
corrections. In the present work we have constructed these amplitudes in type II theory
for general Υ involving arbitrary vector multiplets, where they appear at genus g and are
given by certain correlation functions in the twisted topological theory which is essentially
the square of the supersymmetric sector of the N = 1 heterotic topological amplitude
constructed earlier in [17]. Due to the fact that the type II dilaton is a hypermultiplet we
expect this genus g result to be exact.
4The resulting symmetry group is a discreet non-abelian group Dihedral4 of 8 elements
(±1,±σ1,±σ3,±iσ2).
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Remarkably, the field theory limit in the heterotic side (when the matter vector fields
are taken from dilaton multiplet) reproduces the perturbative part of Nekrasov results for
the N = 2 gauge theories in the general Ω background involving 2 complex parameters
ǫ±, up to a phase depending on ǫ+, which might be attributable to different regularization
schemes. In string theory ǫ− couples to the graviphoton T
− and ǫ+ to F
+
S . It might appear
strange that while ǫ− couples to the anti-self dual graviphoton, ǫ+ couples to the self-dual
dilaton vector. However in the heterotic theory this is quite natural for two reasons:
1. The left moving (i.e. in the supersymmetric sector) the vertices of the anti-self
dual graviphoton and the self-dual dilaton vector are identical and in fact both of
them contribute PL lattice momentum. The difference in the two vertices appears
in the bosonic sector where they give anti-self dual and self dual Lorentz currents
respectively. Thus setting ǫ+ = ±ǫ− (i.e. ǫ1 or ǫ2 equal to zero) we find a manifest
SO(2) invariance as happens in the gauge theory.
2. More importantly, since the anti-selfdual graviphoton and selfdual dilaton vector
vertices contribute PL, this amplitude carries (2g+2n−2) PL. Therefore, as discussed
in the last section, near the SU(2) enhancement µ→ 0, where µ is the holomorphic
vector modulus, the leading singularity has the behaviour µ2−2g−2n exactly as in
the gauge theory. For example, if some of the vertices had been that of selfdual
graviphoton, they would have contributed P¯L, and this would have given rise to
factors of 1/µ¯ to the singularity. The answer then would not be holomorphic in
vector moduli as opposed to the gauge theory result of [10, 18] as expected from the
fact that this result gives the prepotential of the gauge theory.
This generalizes the case ǫ+ = 0 for which it is known that Fg,0, in the field theory limit
and weak heterotic coupling, reproduces the perturbative part of Nekrasov’s result. For
ǫ+ 6= 0, while the heterotic string (as well as the type II) result is even in both ǫ+ and ǫ−
(this is a consequence of the Lorentz invariance of the string effective action), Nekrasov’s
result is even only in ǫ− and due to the extra phase in (4.9) it contains all powers in ǫ+.
On the other hand, the gauge theory action given in eqs. (2.1) and (2.3) of [18] is Lorentz
invariant provided that transformations of the N = 2 gauge theory fields are compensated
by a simultaneous Lorentz transformation of the Ω background. One would therefore
expect that the quantum corrections to the prepotential must also have this symmetry.
Since ǫ± transform under the SU(2)L×SU(2)R of the Lorentz group, the invariants must
be quadratic in ǫ+ as well as ǫ−. The appearance of odd powers in ǫ+ in the gauge theory
result is therefore surprising and might be a consequence of the regularization procedure.
In fact the generalized Gopakumar-Vafa formula (eq.(2.6) of [16] ) is based on the one loop
Schwinger result of a particle in representation R of SU(2)L×SU(2)R in the background
of constant gauge field strength F = F1dx
1 ∧ dx2 + F2dx3 ∧ dx4:∫
ds
s
TrR(−1)
σL+σRe−sm
2
e−2se(σLF++σRF−)
(2 sinh(seF1/2))(−2 sinh(seF2/2)
, (5.1)
where F± are the selfdual and anti-selfdual parts of F , σL,R are the weights of the SU(2)L,R
in the representation R and m and e are the particle’s mass and charge respectively. In
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each representation R = (jL, jR) the above expression is even in F+ and F− since in the
trace, σL,R = −jL,R, . . . , jL,R. This is consistent with the result of the heterotic string as
F± in (5.1) are related to the background ǫ±.
The type II result we have obtained in this paper, when applied for the vector mul-
tiplets corresponding to the dual heterotic dilaton S, also captures the non-perturbative
contributions that go like exponentials of S. As pointed out in Section 3, in order to
extract the 1PI effective action term, one needs to subtract the reducible graph shown in
fig.1. Note that unlike the heterotic case, the type II result is not symmetric under the
exchange of ǫ+ and ǫ−. Indeed, while the power of ǫ− counts twice the genus g of the
Riemann surface, ǫ+ counts the number of vertices 2n in the twisted theory. This is also
true in the gauge theory result (at the non-perturbative level). It will be interesting to
see how the type II amplitudes considered here are related to the generalized Gopakumar-
Vafa formula [16] and to non-perturbative part in the gauge theory prepotential [10, 18] in
the presence of arbitrary ǫ+ and ǫ−.
In the heterotic side, near the enhanced symmetric point, the leading singularity is
given by the free energy of the radius deformed (away from the self-dual radius) c = 1 CFT
coupled to 2-dimensional gravity. By heterotic - type II duality, the type II amplitudes we
have considered, when specialized to all the matter vector fields to be the heterotic dilaton
vector fields, near the conifold should also describe the radius deformation of the above
system. While in the type II it is expected that turning on ǫ+ should be some deformation
of the self-dual c = 1 system coupled to 2-dimensional gravity, it will be interesting to
establish directly in type II theory (i.e. without resorting to heterotic duality) that the
deformation is given by the change of radius.
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